Abstract. A xed-point free map f : X ! X is said to be colorable with k colors if there exists a closed cover C of X consisting of k elements such that C \ f(C) = ; for every C in C. It is shown that every xed-point free continuous selfmap of a compact space X with dim X n can be colored with n + 3 colors. Similar results are obtained for nitely many maps. It is shown that every free Z p -action on an n-dimensional compact space X has genus at most n + 1.
Introduction
In the paper 2] the terminology \coloring of a map" of a map was introduced. We recall:
De nition 1. Let f : X ! X be a xed-point free map. We say that f can be colored with k colors or that f is colorable with k colors if there is a closed cover C = fC 1 ; : : : ; C k g with k sets such that no C i contains a pair f x; f(x) g or, equivalently, C i \ f(C i ) = ; for each i = 1; : : : ; k. The elements of C are called colors and we shall say that C is a coloring of f.
A theorem of Kat etov states that every xed-point free map ': D ! D on a discrete space can be colored with three colors. The theorem of Liusternik and Schnirel'man is the statement that every coloring of the antipodal map : S n ! S n on the n-dimensional sphere S n needs at least n + 2 colors. In 2], 4] and 6] topological versions of this theorem were obtained.
Theorem 2. 2]
1. Let X be a paracompact Hausdor space with dim X n. Suppose that is a xed-point free involution of X. Then there exists a closed cover f C 1 ; : : : ; C k g of X with k n + 2 such that no C i contains a pair f x; (x) g, i = 1; : : : ; k.
2. Let X be a metrizable space with dim X n. Then every xedpoint free homeomorphism of X onto itself can be colored with n+3
colors. 1 3. Let X be a compact metrizable space with dim X n. Every xedpoint free continuous map of X to itself can be colored with n + 3
colors. The function dim is the covering dimension. The rst goal of this paper is to show that in the second and the third statement of this theorem the metrizability{condition can be dropped. Theorem 3. Let X be a paracompact space with dim X n. Then every xed-point free homeomorphism of X onto itself can be colored with n + 3 colors. Theorem 4. Let X be a compact space with dim X n. Every (This property is also known as the screening-property). Proof. The proof is trivial, since all the conditions in List 7 are satised in Z(X).
As X is compact and the map f has no xed points there exists a nite covering fC 1 ; : : : ; C k g of zero-sets such that f(C i ) \ C i = ; for every i.
Now apply Lemma 8 to the collection S = f;; C 1 ; : : : ; C k ; Xg and we obtain the required countable collection T satisfying the 7 properties from List 7.
The space Y will be the Wallman representation of the collection T (as described by 
Proof of Theorem 4
This proof can be copied from 2]. Here it was veri ed that if the xedpoint free homeomorphisms of every compact n-dimensional (metric) space X can be colored with n + 3 colors then the same is true for all xed-point free continuous maps. De nition 11. Let f j : X ! X; (j = 1; : : : ;`) be xed-point free maps. We say that these maps can be colored with k colors if there is a closed cover C = fC 1 ; : : : ; C k g with k sets such that f j (C i ) \ C i = ;, for all i k and j `, The elements of C are called colors and we shall say that C is a coloring of f 1 ; : : : ; f`.
We have a good generalization of Theorem 10 and Theorem 3 if we restrict ourself to homeomorphisms on the class of nite dimensional paracompact spaces.
Theorem 12. Let X be a paracompact space with dim X n. Let f i : X ! X (i = 1; : : : ;`) be xed-point free homeomorphisms of X and let g j : X ! X (j = 1; : : : ; k) be xed-point free involutions of X. Then ff 1 ; : : : ; f`; g 1 ; : : : ; g k g can be colored with n + 2`+ k + 1 colors.
But for the larger class of continuous maps we can only prove a similar statement under the condition that the maps commute.
Theorem 13. Let X be a compact space with dim X n. Let f i : X ! X (i = 1; : : : ;`) be xed-point free continuous maps and let g j : X ! X (j = 1; : : : ; k) be xed-point free involutions of X such that any two functions from ff 1 ; : : : ; f`; g 1 ; : : : ; g k g commute. Then ff 1 ; : : : ; f`; g 1 ; : : : ; g k g can be colored with n + 2`+ k + 1 colors.
We are quite convinced that the assumption on commutativity can be dropped, but we do not see yet how to do it. In the nal remark of this paper we show that the the upperbound n + 2`+ k + 1 is the best upperbound for all n,`and k 2 f0; 1g. (For other k we do not have examples.) In particular, the number n + 3 in Theorem 3 is the best upperbound, for all n. 
Suppose ' i j is f j for t j;1 indices, ' i j is f ?1 j for t j;2 and ' i j is h j for t j;3 indices. Note that P j;b t j;b = t.
The question is for how much indices is y 2 '(@L i j ). By the construction of C we nd y for at least t j;b ? 1 indices in '(@L i j ). This gives P j;b t j;b = t ? 2`? k n. Which implies y is contained in at most n + 2`+ k sets, hence within the rst n + 2`+ k + 1 sets there is a set not containing any of the previous mentioned forms. We can move y to this set using the same technique as described in Theorem 4 of 2].
Proof of Theorem 13
First we prove the theorem in case all the maps are surjective. For notational convenience the maps are called f 1 ; : : : ; f`+ k . Consider the following inverse system. The inverse limit of the sequence with these bonding maps is called Y . Note that Y is a compact space with dim Y n. As the maps commute every continuous map f i can be seen as a map from the inverse sequence to itself and therefore can be lifted to a unique xed{point free homeomorphism F i : Y ! Y . (Moreover, if f i is an involution, so is F i ). As the dimension of Y is at most n the maps fF 1 ; : : : ; F`+ k g can be colored with n+2`+k+1 colors, say C = f C i : 1 i n+2`+k+1 g.
The projection of Y on the j-th coordinate space is denoted j . Since f is surjective, so is j . The projection j (C) is a closed cover of X. ( Finally we mention a result by Krasnosel'ski, that generalizes the Liusternik-Schnirel'man theorem.
Theorem 22 (Krasnosel'ski). 7] The genus of every free Z p {action f : S n ! S n on the n-dimensional sphere S n is at least n + 1.
The application of our results is the following theorem.
Theorem 23. Let X be a paracompact n-dimensional space and let f : X ! X be a free Z p {action on X. Then g(X; f) n + 1. Proof. Note that according to the claim, for all i, the sets f j (A i ) (j = 1; : : : ; p) are pairwise disjoint. Therefore, for all i, the sets C i = Note that according to the previous claim, for all i, the sets f j (A i ) (j = 1; : : : ; p) are pairwise disjoint. Next continue as in the previous case.
Corollary 24. The genus of every free Z p {action f : S n ! S n on the n-dimensional sphere S n is equal to n + 1.
We also conclude that the spaces K n p are not only universal with respect to genus, but also with respect to dimension.
Corollary 25. Let X be a compact space with dim X n and let f : X ! X be a free Z p {action. Then f is weakly conjugated to the map ' : K n p ! K n p .
Remark The proof of Theorem 23 shows that the spaces K n p can be used to see that the upperbound n + 2`+ k + 1 in Theorem 12 is the best upperbound for k = 0 and k = 1. For other k we do not have examples. The spaces K 2n 3 of even dimension can be used to see that the the Z 3 {action on this space needs 2n + 3 colors. Therefore, the number n + 3 in Theorem 3 is the best upperbound, also for even n. (In 2] this was only observed for odd n.)
